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> fit <- ImChwy ~ displ + class, data = mpg)
= summary(fit)

call:
Im(formula = hwy ~ displ + class, data = mpg)
Residuals:

Min 10 Median 3Q Max

-5.572 -1.569 -0.245 1.355 14.724

Coefficients:

Estimate Std. Error t value Pr(=|tl|)
(Intercept) 38.9533 1.7976 21.669 < 2Ze-16 ===
displ -2.2976 0.2132 -10.778 < 2e-1p ===

classcompact -5.3122 1.5283 -3.476 0.000610
classmidsize -4.9471 1.4722 -3.360 0.000914
classminivan -8.7986 1.5939 -5.520 9.26e-08
classpickup -11.9232 1.3687 -8.711 6.46e-16
classsubcompact -4.6988 1.5097 -3.112 0.002095 ==
classsuv -10.5851 1.3268 -7.978 7.43e-14 ===
Signif. codes: 0 **#*° 0.001 ***’ 0.01 **’ 0.05 *.” 0.1 °* ° 1

Residual standard error: 2.745 on 226 degrees of freedom
Multiple R-squared: 0.7939, Adjusted R-squared: 0.7875
F-statistic: 124.3 on 7 and 226 DF, p-value: < 2.2e-16
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B =(Bopy...) = argming,p, .

n
1
|W§(y - XB)” = argmingofgl,"_z w; (¥ = 9)?
z i=1

= (XTWX) ' XTWy
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X T EIZFR Parameter confidence limits

It is often assumed, for want of any concrete evidence but often appealing to the central limit theorem—see Normal
distribution#Occurrence and applications—that the error on each observation belongs to a normal distribution with a
mean of zero and standard deviation ¢. Under that assumption the following probabilities can be derived for a single
scalar parameter estimate in terms of its estimated standard error SE; (given here):

68% that the interval B + SEz encompasses the true coefficient value
95% that the interval B + 2 SEz encompasses the true coefficient value

99% that the interval B + 2.5 SEz encompasses the true coefficient value

The assumption is not unreasonable when n >> m. If the experimental errors are normally distributed the
parameters will belong to a Student's t-distribution with n — m degrees of freedom. When n > m Student's t-
distribution approximates a normal distribution. Note, however, that these confidence limits cannot take
systematic error into account. Also, parameter errors should be quoted to one significant figure only, as they
are subject to sampling error.

When the number of observations is relatively small, Chebychev's inequality can be used for an upper bound
on probabilities, regardless of any assumptions about the distribution of experimental errors: the maximum
probabilities that a parameter will be more than 1, 2, or 3 standard deviations away from its expectation value
are 100%, 25% and 11% respectively.
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Feasible generalized least squares [edt]

If the covariance of the ermors 11 is unknown, one can get a consistent estimate of 11, say 1% using an of GLS known as the FGLS) In FGLS, modeding proceeds in two stages: (1) the model is estimated by OLS or
ancther consistent (but inefficient) estimator, and the residusls are used to buikd 3 consistent estimator of the errors covariance matrix (to do 52, ane often needs to examine the model adding additional constraints, for example if the errars follow 3 time series process, 3 statistician
generally needs some theoretical assumptions on this process to ensure that a consistent estimator i availablel; and (2) using the consistent estimator of the covarlance matrix of the erors, ane can implement GLS ideas.

Whereas GLS is more efficient than OLS under heteroscedasticity (also spelled heteroskedasticity) or autocomelation, this is not true for FGLS. The feasible estimator is, provided the errors covariance matrix is consistently estimated, asymptotically more efficient, but for a small or
medium size sample, it can be actually less efficient than OLS. This is why hors prefer to use OLS, inferences by simply an for the variance of the estimator robust to heteroscedasticity or serial autocorrelation. But for

A cautionary note Is that the FGLS estimator is not always consistent, One case In which FGLS might be inconsistent is f there are individual specifc fived effects!

large samples FGLS Is preferred over OLS under heternskedasticity or serlal correlation.
In general this estimator has different properties than GLS. For large sampies (L., asymptotically] all properties are (under appropriate conditions) pect to GLS, but for finite samples the ties of FGLS unknawn: they vary dramatically with each
particular model, and as a general rule their exact distributions cannot be derived analytically. For finite samples, FGLS may be even less efficient than OLS In some cases. Thus, while GLS can be made feasible, it s not always wise to apply this method when the sample ks small. A
method sometimes used to improve the accuracy of the estimators in finite samples Is to iterate, Le. taking the residuals from FGLS to update the errors covariance estimator, and then updating the FGLS estimation, applying the same idea teratively until the estimators vary less

s method does not necessarily improve the efficiency of the estimator very much if the ariginal sample was small. A reasonable Gption when samples are nat tao large is 1o apply OLS, but g away the a

than some tolerance. But

o (X))
{which is inconsistent in this framework} and using a HAC [Heteroskedasticity and Autocorrelation Consistent) estimator. For example, in autocorelation context we can use the Bartlett estimator (often known as Newey—West estimator estimator since these authors popularized the
use of this estimater amang in their 1967 article), and n context v can use the Eicker-White estimator. This approach is much safer and it is the appropriate path 1o take unless the sampie is large, and *large” is sometimes a siippery
the erors distribution s asymmetric the required sample would be much largerl,

issue (..
The ordinary least squares (OLS) estimator is calculated as usual by
XX) Xy

Bows

and estimates of the residuals ; = (¥ — XBous); are constructed,

diaganal, or squi errors from distinct ions are Then each di by

For simplicity consider the model for heteroscedastic and not sutocorrelated errors. Assume that the i matrix (1 of the error vect
the fitted residuals if; so flog.s may be constructed by
flous = diag(@, 7, ..., 7).
It i€ iMPOFLant 10 NOtice That the $QuUA re4iduals CANNOT be LLed in The Previous Expression; we need an eSMAor of the errors vanances. To 40 $0, we Can Lse & parametric héleroskedasticity Madel, o 4 Nonparametric estimator. Once this step is fulfilled, we can proceed:
Estimats Ao wsing floys using! weighted least squares
- s e
’ iy
Brots = (XDlots X)' X'Dorsy
The procedure can be iteratad. The first teration is given by
i = ¥ — XBros
Trors = ding(Frarsi1 Frara s,
251 1 g5t
(Xpun X)X pgray

This estimation of 3 can be iterated ta canvergence.

Froraa)

Brois

s any of the FGLS estimator (or that of any of its iterations, if we iterate a finite number of times) is asymptotically distributed as

Undar reqularity conds

rzs — )+ N0, V)

Vi
where s the sample size and
Vo= plim(X'0 ' X/T)

here p-lim means limit in probability

%% https://en.wikipedia.org/wiki/Generalized least squares

v Feasible Generalized Least Squares

an unknown covariance matrix.

al innovations

Feasible generalized least squares (FGLS) estimates the coefficients of a multiple linear regression model and their covariance matrix in the presence of nonsph:

Let y, = Xt + ¢, be a multiple linear regression model, where the innovations process « is Gaussian with mean 0, but with true, nonspherical covariance matrix £ (for example, the innovations are heteroscedastic or autocorrelated). Also,
suppose that the sample size is T and there are p predictors (including an intercept). Then, the FGLS estimator of gis

Proas = (XTﬁilX)ilXTﬁil Yo

where £ is an innovations covariance estimate based on a model (e.g., innovations process forms an AR(1) model). The estimated coefficient covariance matrix is
Shois = ﬁ'{;[s(XTﬁijx )

where

PO Ll i e (A I T
FGLS — T— I N

FGLS estimates are computed as follows:
1. OLS is applied to the data, and then residuals (:,) are computed.
2. Qs estimated based on amodel for the innovations covariance
3. By IS estimated, along with its covariance matrix £y 5.
4, Optional: This process can be iterated by performing the following steps until fy g converges.
a. Compute the residuals of the fitted model using the FGLS estimates.
b. Apply steps 2-3.
If & is a consistent estimator of € and the predictors that comprise X are exogenous, then FGLS estimators are consistent and efficient.

Asymptotic distributions of FGLS estimators are unchanged by repeated iteration. However, iterations might change finite sample distributions.

2% https://www.mathworks.com/help/econ/fgls.html

Box-Cox Z5#k:

X RS BHEAT Box — Cox At @ — ML LR 7 72 MR T B, b BB iR B AT
H ARSI
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A =
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logly; + 4,) A =0y, >-1,

I ENXUSH ) Box — Cox Z8#k, 4 A, = 0 B YBASHL) Box — Cox A5 #k.

WA E SR EUE ? A A AR, IR L(B, 02, 1) I KHI A,
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check_model(fit)
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Prior Lasso &5 2 i [al )4, J7 (i WX A T4 1.

Elastic Net [H]1H:

2005 £ Zou F1 Hastie $& 1, Elastic Net [FIHZE4 T LY L2 IENIML, 1BE T FIZHR
A, AT DL iR TR A S B0 R IE 4K & ] Ay

LFEAEn N EZERE p I, Lasso [FIHREEEE L n A~ H A& H WA T M LA
*ZH%;E*H%?‘%E"J HAS R ; BIETE n > p B, T 58AH R B AR S04 [B] )08 5 S0 L
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ERSHEEERSEH:
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THHFEL.
Ed57% )
IBEMEITHERD ¥ = oyl + XB + e, il X BEhiME, B
17X =0. B XTX 9 p— 1 MHEE Ny > >\, SRAGRE
BRI ERER ¢y, - 1y Pp_1: iB® = (g, yPp-1 ), TR

y=ayl +XB+e=oayl+XdTB +e.
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) =1 /8 + -+ Cp1 i%p1
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Ay SIRIRY 2, FRASBE—ERS, LALSHE B, ERHZEEMTX.

RS SHHIEE

g X BEhi, A\, B XTX 05 | MEIHE, ¢, HIIRAGHRAE
EHAASERR, 2, = Xo; 7% | 9. BP = (1., ¢p_1),
Z = (31-“%2;,71)' Hep 2;= (lev“‘van)T~

n
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RER X Xp, =Ny, B
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i=1 i=1

=@/ \p; =X,

BORBNHEE \; AIEREMS 2; B "R B, SERHTHEREN
REVNHERFA: SB—ERD > BTEMD > > F p— 1 TAH.

ErkR &I

TSR

1. BYERESE Z = X, KEERD 21,2, B Z WFES
(FESHEM);

2. BUSIRIEEERNNERSS, WA r AERS 2,2, Hb 7
EEATRRES | /37| A, B "Bl 1 AR RIRAEER
A" 5 FARAEERY ZHL:

3. Y 3480 r AERSBAREA Y = do + & 2, + - + &,Z,,
BE ZJ = Cl.le i i Cpfl_]‘Xp,I AL, FEERDHIT

Y=B3+AX ++B,1X,1.
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Fhsse: WSl X

[E

| EHOUIHEAR lim £,(0) = f()

WA ER—rMx,, YVe>0, AN €NT, s.t. vn > N, |f,(x0) — f(xo)| < €

N

LB fo(x) =2 f(x) (n > )

Ve >0, ANeN*, s.t. Vvn>N. Vx€E, |f,(x)—f(x)| <e
IE—Bsk

V8 >0, 3E W4 Es, s.t. 78 E\Es L {f,} —8STf, Hm(E\Es) <6
4. LKA fa(x) » fF(x) (n > o) a.e. x, € E, BHRIETFIiLHas.

w

m({x:rlli_r)r;ofn(x) * f(x)}) =0
Blf,, () = FQOJUTFX AT B x € ERNAL, ARALRINE S NENLE.
- AR BT S

ve > 0, 7lli_r)rolom(x: Ifnx)—f(x)|=e)=0
M EEW ST BR TG AR S, A AT S5 mT g AN FE e S

(621

- {H%5 m(E) < oo (BIUIFEMEZ MR U F) B {f) LT IR, % f = £C), T
(o} IR EE L84 £

LB, 5 m(E) <o, W f WIEERSIE] f FRBAATR (f,) BAERT T80 {f, )}, #47
FERR ARSI ST 5 {fry -

. Riesz FEHE: 75 £, HIREIRERE £, MAAE LT A A8 751 {f,, )

* Eropos jEHE: Wf. {f,} 00l e CAERTIAE E b 1Ry m] il ok $00Rm] il ok £ 51 B LF-4b
AR, FHmM(E) <o, WRf, - f(x),n-> o aex€E, W{f}ik—FUT f.

 Jysun EFEAZYEHE: 1% f:[a, b] » C_L1 Lebesgue A %L Gl R™ LI IEN
BorelDfE, f:R™ » R™ ERunl Mek%l, X 2R unl 4 Hu(X)K < ), Nive > 0,
TFESEE (FAXFPHESK), s.t.m([a, b]\E) < e (u(X\K) < &), H f{EH &L

* Jlysun GE RIS AR AT ERBUFAE — S LP-Ab AR ST L R pR 2
6. & Lp Bk (p kFTHiksk)

lim f 1fuGO) = FOIPdx = 0
n—-oo E
7. BB

lim [If, () = fG)ll = 0
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8. T x, - x. Fiwelim x, = x ygTHIL

X Ve NE 0, X FRHE a0y X, 3T X PR {x,}, & Ix€X s.t. Vf€X’
HA fr (o) HTEHSEE] £ (), PR Lo, } F5UELE] x.

0. FHBK [ o FRwr-lim f,(x) = () PEHLIR

X XSS {f), # Ix €X s.t. Vf € X HBH f,(x) HIGEELE £ (x), WFK {f,.}
95U S F x.

10. BRISK
B 255 U .

RSB (o HARBUINT « W) F, > FRX, > X
BENLAS I X, Xy, Xy, (0050 EA BN F (), Fy (), Fy (), o 25 F () PR REMESE AT
#1im F,() = FGo, WHBEHLERIFS) (X} AR T X.

1

[E

12. DU LIRS (o MR SCFHLPAL S, RAABRASE. BARatE) X, — X

N

P ({X: lim X, = X}) =1

13. R (o MBS, MAFEAEE. HiEahk) X, > X

ve >0, rlli_r)gloP(an—XI >e)=0
« DIEER 1 eS8 O LT b AWl 850 — e At 2 ie 84
 MRMEZR S — e o AW 8k

14. p MRS (RE5IHE, p = 2RI

~

lim E(|X,, — X|?) = 0
n—oo

o BT E BRI, IXRT A Yebbmmen (V] HE R)ANSE IR,

SAEE AW SOE B/ AR PRGSO e B

1. Beppo Levi JEFETF IR e #
WHBE NI E FAEGR TR EE T 5] {7,002 i(x) < L) <...< fi(®) <., HA
lim f,,(x) = f(x),a.e. x € E, N lim ffn(x) dx
n—oo n-oo Jp

= Lf(x) dx.
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« ARG AT AR (RSB 73 s 2

X E _ERAEGETEE S {00}, WAt E_EIRZ R R, Hﬁrlli&lo fo(x) =

f(x),a.e. x € E, N lim ffn(x)dx=jf(x)dx.
n-w Jg E

2. Fatou 5| 22
¥, O) A E LAt ST s,
lim £, () dx < lim [ £,0) dx
E n—oo n-ow JE
G E LITTRUESERAL 90O, HERAHER I n A £,GO > g a.e. WAL
Fatou 3118 4 ST REIHUN (F, O
PR P A f SRIRBIEME) £, O, 7

ff(x)dxs li_mffn(x)dx
E E

n—-oco

* R IF] i) Fatou 5|3

WA (0} 2 E _EIEBONY R SEECR TR 3, 77 E LT ARG R
B gx), HENEENnE f,(x) < gkx)a.e., N

f lim f,(x) dx > lim ffn(x) dx
o &V B FHRIR AT DA S

lim fn(x) = 751_{1;10 inffn(x):rli_)_rgofn(x) = 1{1_1;1;10 Supfn(x)

3. Lebesgue &k & e 2
W fp € L(E), n=12,..(AMEE n, f, 2 E LKL, H
lim £,(x) = f(x), a.e x€EE
FATIE E LT Rk £ Fn(x) f§i15
(| <F(x), ae.x€E (n=1.2,...)
M fro(x) £ E EAR LV S SO £, TRAR AT H K450
tim | i dx = [ F@dx

« BRI B W S A AR A S e

B f, ELRY), n=1.2,..(AHERE n, f, ZRF EATBRE0 , H £, /£ RF L&KM
FEWSAE f, BAFE RY BRI R EL F (x) 8145

[fn()] < F(x), a.e. xeRF (n=12,...)
W f, () 7E RF _EAK LV ECSCSSRT £, RIFEM, £
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Logistic [V AT 5 A2 — Rl CEPER, Y DU D S RAR B 2 SR, 0F 2 7 X738 ) [
D) 0T B2 AR, o I8 9% T B KR 1A 1) AL

Logistic 8 # J Logistic £tk [B] 1HA R

Logistic [ )2 —F 80T 2B (Logit model), A T MR AR BUR S AT BT HE tH, BIXF 428
i) BUEEAT B0 UA, 41U A Logistic [BUE, AT DB FE A ¥ [ 3 40 B AT 245 52 19— A7 3 BMI 18401
N KR EE CIER (2 ZARED AR — L8 TR R RAE B0 220 I i 2 =
B 5 LI R AR AR ) LB S, IX AT LLEIT Logistic [ SEHL.

Logistic 73 fi: —MIaEUR S, % X NELSLAEHIAS = CDF 5 PDF 437 4:

1 1 1 xX—U
F(x) = x_#=5+§tanh<—2 >, x €ER
1+e ¥ 4
_x-u
e 7 1 X —
f(x)=—x_#=4—sech2(2—#), x€ER
ya+e vy Y Y

Hh ik u NLEZHL y > 0 WIRSEL F(x) 2% S TEHIZ, f(x) KT x = pu XKy B
B, TAE x = p BT HE KOS,

FEBIAL, 3T 8 Logistic I, H74(r = 11 2) = 1op P(Y = 0 | x) = UM Logistic 411

1+ehX

PDF CDF
0.30 T T T T 1.0
— =35 8=2
R 081
= 0.6
Wl
=
%04 .
— p=05 s5s=2
—_— p=9 s5=3
0.2 e
— p=H s=2
— =2 s5=1
v 5 0 il 10 15 20
b x

T AR 43 2 R BUR A5 B AL sign() A AT, i A8 Logistic BIJADHEHXS Y 34T Logistic & ¥k,

EMT “RALLEET BX 7 . Logistic AR E X RA T Y ABHCLE (SMEHEE> HIEIHR %

N Logistic BR&AH, I IXFT7 25 R R BONRT Z M2t mdl: ik X AR ET

Y ARAR, ] B NREIAE. X N, M BRI KLMAA T MLE, & X Logistic Bi#L:
BX

e M)
PY | X) =15 (Logistic %)

Logistic BIZZE e o Ry HECA (—1,1) FIHEL M a5, (HiEid Logistic 223 n] PAZR AL
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Zzlog(1—Y)

X2 Logistic 284k

-4 3 2 -1 0 1 2 3 4

X

—|7CLogistic i %k f(x) = 1 " ox

HTMRy=PY =1|X) FEDETT 02 1 28], Wy BE AL TR EEET 0 3 1 2 (A
FIERBUE A EEN, TFEM— AR, XA H R — 88, fihn.

@ Logistic & #t: f(y) = log%, FEAHLTE Logistic ZBPEMT R £(y) = BX

@ Probit TH#: f(y) = o (y)
® XA f(y) =log(—log(1—1y))

Hrh i tud Logistic 284, SLBiE Logistic PSR, IXAEAH UG FHEIX f(v) = BX IR KBV
A, B ERE AR f(y) = BX, MG p. BHE M, GRS MR RN,
— L Logistic [MIH ARG PEIG IR BEIR N, MhEHRG H T — AR R &

—{E Logistic [EYIHEAL . {Bristri i 42 & B A& Y AT PR, A0 0 A 1 2o, BT y =
P(Y =1), & 3H k MHEE x1,x5,..., x WY FHBUE, WK

y
log =g(x,%x2,...,xx)

1-y
N —{H Logistic [0 AR, f&FR Logistic [0l YA,

2 gy, Xg, - o, X)) N— DM RS FRA Logistic ZB MBI, BT

k
y = = Ly,
logl_y—/fX—ﬁwiZlﬁlxl
K5 MIE y FRM Logistic 247, Ely = P(y = 11x) = exp(BX) g4 y =P(Y = 0[X) = ————, XFE

1+exp(BX) 1+exp(BX)
B LUE P(Y = 11X) ([EH R fEAS BX = 0; B HUH MLE.

AR R R A RIS A g A, P ARRAR RN 1A ny — g NUEN 0, B8
B IR e K

! Tl_ neri T ePorPrxitBexatetBuin Tt 1 ni=Ti
H(P ¥ =10) (Pr =010) ™ ' = 1_[ 1 + ePotBixitBaxatotBrrn (1 T eﬁo+ﬁ1x1+ﬁzxz+---+ﬁnxn)
i=1 i

=1

#h Lic N supL, WA

(ny=1)"v=l (ny=o)"V=°
n n

—2logA = —2log SupL <@
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MLE #0F Logistic [Bl AR KRB E: XX crer=110=pm®

B = KLBUE + 15 B — Z p(x) log(1 - p(x;)) = Dy, (pl|1 — p) — Z p(x;) log p(x;)
i=1 i=1

* N4 Logistic A9 g B MLE Wik T2 PR # AR, —E 48 T EA R B RS E
/D aefliit OLS? #ef)ifift, AEXJriR2 MSE & X FA 2 i d it 82 OLS, WNH AL E
BAHEH MSE (i % FE22 ), #FiiH MLE 1% OLS?

P

1

O

proof:

A PR R S S i R PR A R 2R (A Logistic [EIHH & “ B0,
A MR EIER MR, B B h 34T ERKRERK.

R WAMEATEHIRZ OLS BR4ESHU5E, MLE 2S840 ik, RIEFEHT
Logistic [Bl)H i #; f/h =it — ML HT e, MSE Z8& 7 LWtk S SSE HIMH.,
MSE = n - SSE, ZRTX AT MSE #1531 (K145 5% & B R AL A iml 2, AR BLER )
TPEAS—E R Ak i f, AN 3 78 B A B ST —— " PR AR IR AL P T s OLS mf LARRAE
R ZEAE L2 S U B/ b fg, BI{843 SSE /N, MLE A543 LL44 ek i K
AL

IESE B MA NS T OLS BAIRLF I — Lot 51 I b EE AT $2 (27 Gauss—
Markov theorem 15544, X OLS & —um/N i Z ofmfbih, RBELTMmGTT; H52
£ MLE W5 2 G WK, B Gauss-Markov 5% ESKREBE BB T, fEL
e A — 5% € OLS M F MLE.

R0 T 73 2K 00 B, 2R VEAR M 2 T4 A6 IR € T~ OLS JF A Gauss—Markov &% T
LRI R, TS 800 MLE BT i BAT o gt SR,
JrEAZ i MLE, T MLE #E N 457 25 B Host 2 22 X, 981X &% & MLE —J7 Y
JREL AT LA, AT AS [F) ) AR R B 3R AR AN, 32 i) RS B Bl e .

RN T IRIR R E, BE U MSE TEIX MBS T 2R, Hessian FFFAEIEE, SELL
AR, BIEIRAE T REWN SR ZE R AR AR (AR R Ry, AT v
—HERRAR, RSN T 2R e, SRR m s,

MSE #5J% BAESEIT O A 1 I AFAERR BE R IR 5, R USR B 2K s BB FE I
BHAER, 5 Logistic BMEWEEETLIS: —JT Logistic BE S BN KAl SAEN 4y 2 — 4k,
A g2 R EOAN SR R B S B I AR E.

MSE #1R B 2% 2 B e U IR 2, MR RENIABEHE, JBRREBNT X
B CFOSEBISR) INAEAR S AR R AR ol ™ 5, B2, WS rE R8s R s M SUs)
/N, TR/ AR R B BN T B AR G, JEAS “BEIE T, ma AN AU

w=BX, “IHARE, ILPY =1|X)=pk), PO =0|X)=1—-p(x)

[(w) = log(L(w)) = log (H(p(xi))yi(l - p(xi))l_yi)
i=1

N[ (PG o
= 2, <yl log (1 — p(xi)> + log(l p(xJ))

L

27



= > Dyiwx — log(1 + e"*0)] = —n J(w) & A LHHKHEHHIEN 0
i=1

@ FHTXOMER,

92MSE ) >
a— ZYL(]' yl.)x ( yl+2(1+yl)yl 3}/1')

HT vy, HEL 0Bk 1, ATLLSH MSE M S8 A—E B KT 0.
® friEdik Ly MSE

OMSE az( 20 a(%)
y’ y) ZZ(A yl v ZZ(yl y)—Lte

ow ow

n 1 2 n
= 2200 =) (5 ¢ = Z 209~ ¥ 19:(1 = 9]
i=1 i
ATBL th € 9, 15 0 5k 1 RPBRIEAAIE T 0, R AEA AR,
Logistic [B] AR i fFRE

y
logl -y = BX = By + L1x1 + Loxo+... +Lpxn

BATAA, 3 x M0 1, MR 2 = SO MR B TR o 4,

~ P(Y=0|X)

o B AR AR E AR 1 ) 1og1%

’ /\EP 1% ﬂ?. k QE.XJLJEJ;&
R A1 AR BB nye AWIEANE (22 1 = 0 or 1 I HOUA LERRET, BHAEr, = 0
i log

- Ene=mn i lognkJrOS{JcEi log— E0 <7 <ngiHH logﬂ

n;—r,+0.5

y=P¥=1|X)~081(y~08 1-y=PY =0|X) ~ 1) RATINANHZ R HL R Y LR
/ANt HAER G AT Re L bR AR EIUERZ 0 B 1, MMy = P(Y = 1| X) = 0.5 R v B EX F A&
A IR K, 3 A AT R R P S A T B A 2R 402 0.5.

BREERS, MR y =P = 1| X) EBS, AR SEBR i s i KT R e B R AR 5l
1, ZBCNO0, E5al DABGX /N3 Ft s 0.5, XFRESRE] T — N3k

2. EH%XUBARM "4 Logistic Lk E HARRY

BN I AERE . MR ST (A IR R, sk )y s T M A o 4 SC8l. 380 i RS oR s 0T Ay
FVOFp: A BB B, AB BRI O B, ARELE Logistic AP A B HBENL R Q, ik A e @ =1,
BMe Q=2, - BOARXFAEDUM AL A TIFRR, F AT RE RS CBE, A E 28K
BRANZ 5y, BEA “3 M50 A BN AST AB AU A (REB L MR = ANBEHLIAE Qv Q2 Q35
TR — A48 SCBARAE RS, i O i Ale 0, =1 o 0 = (1,0,0),BHle 0, =2 o Q = (0,1,0),
ABHe Q; =1 0 =(001), 0%le Q= (-1,-1,-1), Logistic B HF ).

y
10g1_y=ll+ﬁ1'age+Y1Q1+)’2Q2+Y3Q3
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Bk, e B R TT BL o3 545 2 DU At B T A AR SR T AR S R [l T AR

PRI LS T8 4 B i — 73 96 Logistic ZePERIARER, B0 n 4E2 BHUE. j 44 S8R, B FonE
BHIEM RS E . y R4 IR R B R, By BIMETHIUE MLE, SMue iR A RE5[#H—
AR, T jYgEa CBERRES| B j — 1 AR, XFIMEMNEELIE, 5 AR j — 1M
EARBCE ] LA, AREE LSRR, A

Logistic 21t [F] 27 .

log 4

=y =pA+ Pixg + o+ By + Vi YA

Logistic &1t [F1 )47 12

~

y 1 ] ) ol A
log1 = =+ Prxy + o+ By + P17

P DUAS RN A BG4S B 2 I HEAT Logistic IS A ik /).
EHA AR 43K Logistic L ikl IR

BIASCARERE, AN RAR S e b, s KRR BLEZ AW RAUE 04 1. 2, 3. 430K, XE—
BAFFEAE, WO T R A RN, S E SR s — .

TiiE—H.

Logistic 21t [F] )87 .
y
logl_y:,u+ﬂA+yB+vC
Logistic £& % [=])3 77 F%:
log—— — =i+ BA+7PB+VC
C RIA 7 4.
Logistic 351 4-#7

%F Logistic [FlH 772, 11 log% =A+BA+PB+VC, S u(4,B,C)=A+BA+7B+9C, Mukk
FINAY = 1 ERRK, HEAEN05, MY u>0 Ml LLFERINY = 1 2Kk4E; BIEEH 57
5 7 TR R B S B 1] 38 1) 156 100, 5 55 SR i

£ 35 Logistic [

ZIN Logistic [, EBANZEA Z A REFNHUE (0,1,...,N), FELIRESRIER A CHHZRE
A w = BX H9 0, b X ABHAERE. — .

P(Y=0[X) _

g s =N %)~

1O+ Bxy + 4 B,

P(Y=1]X)

o8 v =~

u® 4 pVxy + 4 B,
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P(Y =k|X)

k (k) (k)
0 Og(—lvl) [(N)+ﬁ X +.+ﬁ X,

N
ﬁ%%ZkW=um=1
i=1

BE H KSR T MLE 1885,
exp(u® + 3 + -+ B exp(u® + 8% + -+ B0

PY=k|X)= - - - = - - -
v, exp(,u(‘) + ﬁl(l)xl + et B,(ll)xn) 143Nt exp(,u(L) + ﬂl(l)xl + et ﬁ,(ll)xn)

1 1

FeathP(Y =N | X) = . , — = . . .
. exp(u(l) + ﬁl(l)xl + ot ﬂ,(ll)xn) 14+ yNt exp(u(l) + ﬁl(L)xl + e ﬁ,(ll)xn)

6. TF] v EALRE Logistic [B]1H?
RiESE: &iEB
B BB A B — R R BT U B, XS T Imo BRI

Im(formula, data, subset, weights, na.action, method = "gr", model = TRUE, x = FALSE, y = FALSE, qr = TRUE, singular.ok =

TRUE, contrasts = NULL, offset, ...)

HESHNEF
- formula: AEBIAIIR R, U formula = Z~X+Y FRRIUA Z = X + Y + intercept MM, TS
fE formula = Z~X+Y+1, VERUBLAER A EEENG T formula = Z-X+Y-1 RoRUA Z = X + YV [MLMEEAL, b
IS A SRR, F5L L formula G R RIEFUEE:
T ORI, A RWNA R, AU,
“+7 FHCARRTT P iR AL B
“7 REEENA R BRI B, A formula = Z-X+Y+X: Vs
“7 FIRPIAS (B AN AR H S AT Z B A ATRERI S B, B3 formula = Z-AxB+C,  SFAT T
formula = Z~A+B+C+A:B+ A:C+ B:C+ A:B:C;
“NT RORAEHIREL, 180 formula = Z~(A+B+C)A2, SEN T formula = Z~ Z~A+B+C+A: B+ A: C+ B: C;
“7 RRBRBEINTEAE, WUMRKFEEE, WA formula = 2~ ;
“.7 FelREARE, A0 formula = Z-(A+B+C)A2- A:C, FEAIHL “-17 FIORMIERE IR,
“10”7 KBEABEITHEATT, WA formula = Z-A+1(B+C)72), BEHFEEAN T formula = Z~A+D, D
e ANEARR, HA B85 cFIRFTS;
“function” W] LATEARZY AR e FH — LR 4L, A0 formula = log(Z)~X+Y.
- data: HIEAE, ERGEHIEAERAL.
- weights: NAZHIRAE “NuLL” B—DEUE R, SMIRMEDY “Nul” 1 E R D 3% OLS, I
(B B E 17 B AT AR AR B A IS/ —3feftith WLS  (RIEz/ME sum(weights <en2))
- naaction: AEIEAE “NA” B RIZ AT AL,
a function which indicates what should happen when the data contain NAs. The default is set by the jna.action setting offoptions] and
is if that is unset. The ‘factory-fresh’ default is [na. omit]. Another possible value is NULL], no action. Value can be useful.

- method: H AT R method = qr " H, WA PL%EEE method = "model.frame”, 2 iR [ AR B ds B HANHEAT
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https://www.rdocumentation.org/link/options?package=stats&version=3.6.2
https://www.rdocumentation.org/link/na.fail?package=stats&version=3.6.2
https://www.rdocumentation.org/link/na.omit?package=stats&version=3.6.2
https://www.rdocumentation.org/link/na.exclude?package=stats&version=3.6.2

LA, F model = TRUE LR AR
- data: BHEER, ERZBIRHERTL
- data: BHEER, ERZBIRHERTL
RS HOA SRR B, H subset AT LUERE— NSRS I 745,

Im() Bk T AT 2t [ AR AT SR IR R 7 ZZ 08T Ih i 20 hT, AL EE A EHETRE aov), XA
PRI AR 1mo) -

m() 2% SCHY https://www.rdocumentation.org/packages/stats/versions/3.6.2/topics/Im

aov() 2% XCFY https://www.rdocumentation.org/packages/stats/versions/3.6.2/topics/aov

KT R R 2
- summary(fit) : FRAEMEAIRAIR, QFRZFMSEEIER, S0 LR RS S
call:

glm(formula = CAD ~ college * TC * SBP, family = binomial(link = "logit"),
data = dataset)

Deviance Residuals:
Min 10 Median 30 Max
-0.73574 -0.48116 -0.31985 0.00008  2.81342

Coefficients:
Estimate Std. Error z value Pr(>|z|)

(Intercept) -3.938e+00 012e-01 -7.858 3.9e-15 #**

3 5.

college 2.350e+01 1.484e+03 0.016 0.9874

TC 4.956e-01 2.049%e-01 2.419 0.0156 =

SBP 4.187e-01 2.028e-01 2.064 0.0390 *
college:TC -4.956e-01 9.577e+02 -0.001 0.9996
college:SBP -4.187e-01 9.160e+02 0.000 0.9996

TC:SBP 3.012e-03 8.425e-02 0.036 0.9715
college:TC:SBP -3.012e-03 7.834e+02 0.000 1.0000

Signif. codes: 0 ****' 0,001 ***’ 0.01 ‘*' 0.05 “." 0.1 ° "1

(Dispersion parameter for binomial family taken to be 1)

Null deviance: 3034.5 on 2396 degrees of freedom
Residual deviance: 1112.0 on 2389 degrees of freedom
AIC: 1128

Number of Fisher Scoring iterations: 18

- coefficients(fit) : FIHANE IS, WIHHEEE (WRA).

- cofint(fit): FHANESE EAF X [

- fitted(fit) : - #1 HH FRIAA.

- residuals(fit) : F1 L.

= veov(fit): SN E S BV T7 22 0.

- AC(fi)~ BIC(fity : 1 AIC. BIC Siit&=RI1E.

< plot(fit) : 2l — R IIH LAPFO B (B2 T B, B Q-Q K.

« predict(fit, data) : T,

R iF & 2R 45112

dataSet <- read.csv("data.csv")

fit <- lm(Effect ~ Gender + Age * Method, data = dataSet)
summary (fit)
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https://www.rdocumentation.org/packages/stats/versions/3.6.2/topics/lm
https://www.rdocumentation.org/packages/stats/versions/3.6.2/topics/aov

RiES: Logistic HIH
HSCHR ) T R AEEH R E m( , X BRI THR BT SCRME RN R E m) REL

glm(formula, family = gaussian, data, weights, subset, na.action, start = NULL, etastart, mustart, offset, control = list( "),

model = TRUE, method = "gIm fit", x = FALSE, y = TRUE, singular.ok = TRUE, contrasts = NULL, --)

glm.fit(x, y, weights = rep(1, nobs), start = NULL, etastart = NULL, mustart = NULL, offset = rep(0, nobs), family = gaussian(),

control = list(), intercept = TRUE, singular.ok = TRUE)

HESZHN LS

- family: JEREAR RIS B4 A (B SRR B, LRAN family = binomal(link = "logit’) & 77 1 N A5 & 43 45 15 %
RIS, A Logistic BREE &R REL, X AIE 224 B)H; family = binomal(link = "probit’) 287 i i
AR AN 54, F Probit BREUERIERRELG family = poisson(link = identity’) 7~ M b A% 18 73 A7 1
BN AT, f(x) = x TENER R $.

- control: &R Z 5 HRIERIREL, H1U control = list(epsilon=1e-8, maxit=25) ' epsilon £ 1L 1%
7, maxit AR RIERIREL

glm() 2% A4 https://www.rdocumentation.org/packages/stats/versions/3.6.2/topics/glm

R i35 Logistic [B VA HI4]1-
dataSet <- read.csv("data.csv")
fit <- glm(Effect ~ Gender + Age + Method, family = binomial(link = "logit"), data = dataSet,

control = list(maxit = 200))
summary (fit)

Python: Logistic [H]IH (sklearn F)

1. import pandas as pd

2 import sklearn as sl

3.

4

5. data = pd.read_csv('data.csv')
6.

7. X = data.loc[:, ['Gender']]

8. Y = data.loc[:, ['Effect']]

9.

10.

11. model = sl.linear_model.LogisticRegression() # Logistic Regression (Z#i[r[I)
12. model.fit(X, Y)

13. pre = model.predict(X)

14. print("Line regression predict result: ", pre)

15.

16. epsilon = pd.sqrt(sl.metrics.mean_squared_error(Y, pre))

17. print("Line regression mean squared error: ", epsilon)

7. SHEGER: (5B
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https://www.rdocumentation.org/packages/stats/versions/3.6.2/topics/glm

AIC
AIC #LAEFE R b, RRARIAE BB, & KL AU T & — BRSO AL 5% 22 IR AR BT
MIIER 3T, 10 k ASEIEE . RSS NARZEFITHI, C W1 ik &,

AIC = 2k — 2logL = 2k + nlog RSS — (nlogn + 2C)
HT (nlogn + 2C) ANgZMaAH A —HEE A R AIC EHIZ R, AT BLR % R& AIC 1—&8 2 FH LA
pugad

RSS

AlC £2k+nlog( m

)ﬁ2k+nmyms

il TE R AIC BUNIRAL, 2 k OGEWRE “E2HME ", KRR R BURE L i K
AL AIC MMERN, 15 k KK 2 RS8N ALC B2 AR PR R, 5 HL IR 3 i) 22 S 4
By RXRRNZEE IO, BRI A TR AIC /N,

HFEA RN & B IE AIC y AICe, HVEEIEJS AR BEAEN, T AICe fEREA RGN
I S8 ) AIC,  R] DAIEB FEAR TR NI RE AR R8T AAEA] AICe, [ IEA 55 —Fifats AlCu.

AIC —AIC+2k(k+1);1 (RSS>+ n+k

€= n—k—1_°8 n—k—2
AICu =1 (RSS)+ n+k
WEB Tk Th—k =2

BIC
BIC X R IUnH 5 B & AEN, BIC X id &S 4 EI L AIC HE, AIC WL 2k 1M BIC 1452
klogn, BIBLRIA] BIC H45 5y ik th— A SHCHE /D A AL,
BIC = klogn+nlog($)
HoAth A5 BN
FATEA FIC. HQC 54N 55 2 Tl B FH SR AR AR Y 126 5[] Rt

AIC: https://en.wikipedia.org/wiki/Akaike information_criterion

BIC: https://en.wikipedia.org/wiki/Bayesian_information_criterion

FIC: https://en.wikipedia.org/wiki/Focused_information_criterion

HQC: https://en.wikipedia.org/wiki/Hannan%E2%80%93Quinn_information_criterion
KL B https://en.wikipedia.org/wiki/Kullback%E2%80%93Leibler_divergence

JS B{E: https:/en.wikipedia.org/wiki/Jensen%E2%80%93Shannon_divergence

WAIC: https://en.wikipedia.org/wiki/Watanabe%E2%80%93 Akaike information_criterion

8. ZHKE
— M F A, Wald K556 . AR LR IR A1 R A B H S A I0 R A i Bl H 52405 0 R S ERE %
B SRR TR BT R ), For Wald RS0 7E eI 48 AR AE S, WARAEIR SE e
RN CHEI7 #edls be B, P(Y = 1| X) fEFE A
REENETTERT, GAFTEIRAW L, HE UL,
FAESR: JRBEN k ANEIEREES N 0, S#FENEIRREA 4R 0, N
ESS
_ Kk
RSS
n—k—-1
F RS0 Xo 28 1t 20 o HL 75 B2 2 BENLEL S 0 i 1R IR0 A, R ZE AR R F ARS8,
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https://en.wikipedia.org/wiki/Akaike_information_criterion
https://en.wikipedia.org/wiki/Bayesian_information_criterion
https://en.wikipedia.org/wiki/Focused_information_criterion
https://en.wikipedia.org/wiki/Hannan%E2%80%93Quinn_information_criterion
https://en.wikipedia.org/wiki/Kullback%E2%80%93Leibler_divergence
https://en.wikipedia.org/wiki/Jensen%E2%80%93Shannon_divergence
https://en.wikipedia.org/wiki/Watanabe%E2%80%93Akaike_information_criterion

I Wald 42 AT RER R ES 4. Wald it —AMRHEL R 19— R, Wald fadfe — BB it
Tk, EER T BH0 MLE 5REIRNER, X 5UOAKK . K LR i
Wald K36 A AE KRB 2 T A RECR T 5N 0, WIEEEA (B, B B,) = 0o EILIHRE —q =
0 B, W = (RB — q)" (RE2XTX)RT)L(RE — q) & x2(k)» k HLIRAKL, 62 J5RE Ty % MMl 451,
b T AU S — AN MU 75 359 0, Wald B si 404 A

FIT VAR, AR,
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MisR: 2=

kokok
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Fits%: Bayesian empirical likelihood for ridge and lasso regressions

(]
Ca

Bayesian
empirical likelihoc
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